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The problem arising in investigations of chlorination of polymers in 
a "boiling bed" was formulated in [1,2]. It was found necessary to 
take into consideration the trajectories of particles and to introduce 
a certain special measure in the space of these trajectories. The 
method of solving this problem is presented together with the results 
of calculations for two separate variants. 

We c o n s i d e r  the  p r o c e s s  in  w h i c h  the  r a n d o m  f u n e -  
t i on  d e s c r i b i n g  o n e - d i m e n s i o n a l  p a r t i c l e  m o t i o n  in the  
a p p a r a t u s  s a t i s f i e s  the e q u a t i o n  of u n s t e a d y  c o n v e c t i v e  
d i f f u s i o n  

OF 02F OF 
Ot - - D o  Ox 2 - - W o  Ox (1) 

wi th  the  f o l l o w i n g  i n i t i a l  and b o u n d a r y  c o n d i t i o n s :  

f 0 f o r  X < X o ,  
F (0, x ) =  

( 1 f o r  X>Xo; 
( la )  

OF (t, [ I ) =  0 e (t, o) = o, 

The p h y s i c a l  m e a n i n g  of t h e s e  e q u a t i o n s  i s  a s  f o l -  
lows:  in  t he  a p p a r a t u s ,  l oca l  c o n v e c t i v e  d i f f u s i o n  of 
the  so l id  p h a s e  t a k e s  p l a c e  a t  e v e r y  po in t ,  and  the  
p a r t i c l e  d i s p l a c e m e n t  i s  d e t e r m i n e d ,  f i r s t ,  by  a t r a n s -  
l a t i o n  p r o p o r t i o n a l  to t h e  s o l i d - p h a s e  f e e d  r a t e  to the  
a p p a r a t u s ,  and,  s e c o n d l y ,  by  a r a n d o m  t r a n s l a t i o n  of 
a p u r e l y  d i f f u s i o n a l  n a t u r e .  F u n c t i o n  F (t, x,  ~-, x0) r e -  
p r e s e n t s  the  p r o b a b i l i t y  t h a t  a p a r t i c l e ,  wh ich  a t  t i m e  
"r i s  a t  p o i n t  x 0, wi l l  b e  in  the  i n t e r v a l  [0 ,x ]  a t  t i m e  t. 
T h e s e  a r e  the  s o - c a l l e d  t r a n s i t i o n a l  p r o b a b i l i t i e s  of 
the  p r o c e s s .  The  s o l u t i o n  i s  s o u g h t  in  t he  i n t e r v a l  
[O, H], w h e r e  H i s  the  h e i g h t  of the  a p p a r a t u s .  Wi th  
t i m e  m e a s u r e d  in  u n i t s  of H / w  0 and  the  c o o r d i n a t e  x 
a l o n g  the  a p p a r a t u s  in  u n i t s  of H, the  s y s t e m  of e q u a -  
t i o n s  (1), ( l a )  b e c o m e s  

OF 32F OF Do 
. . . .  D D -- ; (1') 
Ot Ox 2 Ox ' Hwo 

1 x > / x o ,  
F ('r, x ) =  0 X ~ Xo; 

OF 
F(t ,  0 ) - -  --Ox (t, 1 ) = 0 .  ( la ' )  

The  s o l u t i o n  of Eq.  (1') w i th  c o n d i t i o n s  ( l a ' )  i s  w r i t t e n  
in  s e r i e s  f o r m :  

F (t, x, ~, x0)= 2exp [~, ( x -  x0)] • 

~_~ exp [(p2 O + p) (t - -  x) ] ()~ sin ~. x + p~ cos ~ x) 
x 

, 2~n n ~ l  

x sin Pn x. (2) 

H e r e  X = 1 /2D,  p = - 1 / 4 D ,  .and t~ n s a t i s f i e s  the  t r a n s -  
c e d e n t a l  e q u a t i o n  

ctg Pn = - -  - -  �9 (8) 
Bn 

A p a r t i c l e  of r a d i u s  R m o v i n g  a l o n g  t r a j e c t o r y  x(t)  
r e a c t s  wi th  the  s u r r o u n d i n g  ga s  c o n t a i n i n g ,  f o r  e x a m p l e ,  
c h l o r i n e ,  wh ich  d i f f u s e s  in to  the  p a r t i c l e ,  a s  de f ined  by  
e q u a t i o n  

0cl --  D1 ( 02cl 2 0cl I 
Ot \ Or ~ + . . . .  r Or / he1 (4) 

w i th  i n i t i a l  and b o u n d a r y  c o n d i t i o n s  

0Cl c~(r, 0) = 0, ~ (0, t) = 0, 

c~ (1, t) = [~ c* ix (t)] . (4a) 

The  d i f fu sed  c h l o r i n e  c o m b i n e s  wi th  the  s u b s t a n c e  
of the  p a r t i c l e  a c c o r d i n g  to the  e q u a t i o n  

dc~ 
= kCl (5) 

dt 

with  i n i t i a l  c o n d i t i o n  

c~ (r, o) = o. (Sa)  

H e r e  the  c o n c e n t r a t i o n s  c~, c 2 , and e* a r e  e x p r e s s e d  
in u n i t s  of c~, r in  u n i t s  of R, and  t i m e  t in u n i t s  of 

H / w  0, 

O H  koH 
D 1 - -  k -  

woR ~ ' Wo 

To so lve  E q s .  (4) and  (5) i t  i s  n e c e s s a r y  to know the  
p a r t i c l e  t r a j e c t o r y .  

L e t  u s  c o n s i d e r  one  of t he  m e t h o d s  of c a l c u l a t i n g  
t he  p a r t i c l e  t r a j e c t o r y .  We s o l v e  Eq.  (1') w i th  c o n -  
d i t i o n s  ( l a ' )  and  -r = 0, x 0 = 0 in a s u f f i c i e n t l y  s m a l l  
i n t e r v a l  of t i m e  At ,  s e l e c t i n g  a r a n d o m  c o o r d i n a t e  x 1 
f o r  the  p a r t i c l e  in  a c c o r d a n c e  wi th  the  o b t a i n e d  d i s -  
t r i b u t i o n  func t i on .  We  t h e n  s o l v e  Eq.  (1), ( la )  in  the  
i n t e r v a l  A t  wi th  c o n d i t i o n  r = 0, x 0 = xl ,  a n d  s e l e c t  
c o o r d i n a t e  x 2 , and  so  on,  c o n t i n u i n g  t h i s  p r o c e s s  u n t i l  
x n >- 1 i s  o b t a i n e d .  T h e  c o r r e s p o n d i n g  t i m e  T = n a t  i s  
the  i n s t a n t  w h e n  the  p a r t i c l e  l e a v e s  the a p p a r a t u s .  In 
t h i s  m a n n e r  we d e r i v e  a s e q u e n c e  of p o i n t s  x~, x 2 . . . . .  
x n w h i c h  d e f i n e  the  p a r t i c l e  t r a j e c t o r y .  We a s s u m e  t h a t  
b e t w e e n  t h e s e  p o i n t s  the  m o t i o n  of the  p a r t i c l e  i s  u n i -  
f o r m .  The  s m a l l e r  the  s e l e c t e d  i n t e r v a l s  At,  the  m o r e  
a c c u r a t e  the  a p p r o x i m a t i o n  to t he  t r u e  t r a j e c t o r y  of the  
p a r t i c l e .  H a v i n g  d e t e r m i n e d  the  p a r t i c l e  t r a j e c t o r y  
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x(t),  we can  so lve  Eqs .  (4) and (5). Two v a r i a n t s  a r e  
of i n t e r e s t :  A) the ch lo r ine  c o n c e n t r a t i o n  c*(x) in the 
a p p a r a t u s  is ma in t a ined  e x t e r n a l l y ,  and B) th is  c o n c e n -  
t r a t i o n  is  ma in t a ined  at the inlet  to the appa ra tu s .  

A. F o r  s i m p l i c i t y ' s  sake  le t  us  c o n s i d e r  the case  in 
which  c* = ax + bo The m a s s  m2([x], T ,  T) of bound 
ch lo r ine  in the p a r t i c l e  in t roduced  into the  a p p a r a t u s  
at t ime  ~-, m o v i n g  a long  t r a j e c t o r y  x(t) up to ins tan t  
T (T is  the t i m e  at which  the p a r t i c l e  l e a v e s  the  a p -  
p a r a t u s  a long  the  t r a j e c t o r y  x(t)) is  

I 

m2=4~x f c2(r, T)r2dr. 
0 

The  so lu t ion  of Eq.  (4) is of the  f o r m  

cl (r, t) --  c* [x (t)] -t- s u~ (t) sin vnr 
f 

n = l  

w h e r e  

, (6) 

c* ix (t)] __ v, DI exp ( - -  A~t) • u,~ = 2 ( - -  1) n vn 

t 

X .[ exp (A,, ~) c* ix (~)] d T]; 
o 

v~ = ~ n; A n k + 2 = v;D~, 

and, since 

T 1 

4.k j ,t' (7) 
0 0 

Subs t i tu t ing  (6) into (7) and tak ing  into accoun t  that  c* = 
= ax + b and that  f o r  t ~ At ,  x(t) is  a p i e c e w i s e  l i n e a r  
func t ion  of the f o r m  xi  + ((t - t i ) /A t ) (x i+ l  - xi) we  obtain  
(omi t t ing  the  c u m b e r s o m e  i n t e r m e d i a t e  ca lcu la t ions )  

m~ = 8aD~k { b ~ AnT + qg(T)-- I 
A] + 

n = l  

1 ( I + ~ ( A t ) - - A ~ A t ) X  +~ 
n = l  

M - - I  M - - 2  

• + Z E , + P  ~ (B,--N,) -+- 
s ~ l  s = l  

1 - -  q~ [A t ( M  - -  s)] . 
q~ (x) = exp ( - -  A~x); B~ = xs 1 ~ q~ (A t) ' 

1 --W [ A t ( M - - s  + 1)] x~ [At(M 
E,= x, l--~(--At) - ~ -  ~ --s)]; 

P =  [ 1 - - ~ ( A t ) - - A .  Atr ; 

x~ [A t(M - -  s - -  1)]. 

H e r e  M = T / A t .  Having  d e t e r m i n e d  a su f f i c i en t  

n u m b e r  of t r a j e c t o r i e s ,  we can obta in  the d i s t r i b u t i o n  
of the c h l o r i n e  con ten t  in the ou tgoing  p roduc t .  

B. In p r a c t i c e  th is  i s  the  m o r e  i m p o r t a n t  c a s e ,  
s i nce  it is  d i f f icu l t  to sus ta in  in the  a p p a r a t u s  a s p e -  
c i f ied  c o n c e n t r a t i o n  p r o f i l e  of the r e a c t i v e  gas.  

An e x a m i n a t i o n  of the  m a t e r i a l  b a l a n c e  of an e l e -  
m e n t  of the a p p a r a t u s  v o l u m e  (on condi t ion  of idea l  
d i s p l a c e m e n t  by the g a s e o u s  phase)  y i e ld s  f o r  the  c h l o -  
r i n e  c o n c e n t r a t i o n  e*(x) in the g a s e o u s  phase  the  e q u a -  

t ion  

&* [ dFn dc 
wl ~ = Do [ dx dx + 

_ d2c "1 dm (8) + m (x) ~ j + woc 
dx 

Here c is the concentration of particles in the appa- 

ratus, and ~(x) is the mean chlorine content (bound 

and free) in a particle in section x of the apparatus. 

The expression for ~(x) can be derived as follows: 

we denote by re(ix], t, ~-) the mass of the bound and 

the free chlorine in a particle entering the apparatus 

at time ~- and moving along trajectory x(t) up to time 

t. Since a stationary process is considered here, the 

trajectories of particles introduced at time TI lag with 

respect to those introduced at time ~- by "rl - ~-, i.e., 

(txj, t, = (N, t- 

Let us now consider only those of the particles which 

had entered the apparatus at time ~- < t, and which at 

time t are in section y of the appratus. The average 

chlorine content in such particles is 

re(y, t - - r ) =  [ m([xl, t - - ~ ) d ~ ,  
~j 

w h e r e  i n t e g r a t i o n  is  c a r r i e d  out  o v e r  a l l  t r a j e c t o r i e s  
of p a r t i c l e s  e n t e r i n g  the appa ra tu s  at t ime  ~-, and such  
tha t  x(t) = y. At t i m e  t s ec t ion  y of the appa ra tu s  c o n -  
t a ins  a l l  of the p a r t i c l e s  in t roduced  into it up to t ime  
t. If the f eed  r a t e  of the sol id  phase  into the appa ra tu s  
is  n, and the d i s t r i bu t i on  dens i t y  of the T - p a r t i c l e s  in 
i t  at  t i m e  t i s f ( y ,  t -- r) ,  then the a v e r a g e  amount  of 
c h l o r i n e  in p a r t i c l e s  occupy ing  sec t ion  y of the appa -  
r a t u s  at  t i m e  t is  

i n t o  (g, t) f (g, t) dt 
~(y)= 0 

~ nf(y, t) dt 
6 

It can  be  shown that  in ou r  c a s e  c = const ,  hence  Eq. 
(8) b e c o m e s  

dc* n dm 
dx wl dx (9) 

If g is the m a s s  feed  r a t e  of the sol id  phase  th rough  
a uni t  c r o s s  s e c t i o n  of the appa ra tu s ,  then n = 3 g /  
/4~rR37 is  the n u m b e r  of p a r t i c l e s  e n t e r i n g  the a p p a -  
r a t u s  p e r  uni t  of t ime .  Se lec t ing  H, R, n, m0, H/w0, 
and c~ as  the fundamen ta l  unit ,  we t r a n s f o r m  Eq.  (8) 
into 

de* OO [ d~c dc dm ] d~ 
dx " [ ~ m ( x ) + - 3 -  dx .. +qC-d--U-, 

w h e r e  Q = m 0 n / w t c  ~ and O = Do/w0H a r e  d i m e n s i o n l e s s  
c o m p l e x e s ,  and, c o r r e s p o n d i n g l y ,  Eq.  ( 9 ) b e c o m e s  

dc* dm 
dx O dx (9') 

So lv ing  Eq.  (9') we obta in  

c * =  1 + @ (x), 
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s ince  m(0) = 0, which c o r r e s p o l i d s  to the p h y s i c a l m e a n -  
ing of func t ion  ~ ( x ) .  We a s s u m e  h e r e  that re(x) = m([x],  
t), whe re  x(t) is  the m e a n  t r a j e c t o r y  of p a r t i c l e s ,  i . e . ,  

I 

;(t)  = ,i' ;~ (x, t) dx. 
0 

This  a s s u m p t i o n  meaI~s in p a r t i c u l a r  that  the a v e r a g e  
c h l o r i n e  con ten t  in p a r t i c l e s  in s ec t i on  y of the  appa -  
r a tu s  is equal  to the ch lo r ine  con ten t  of a p a r t i c l e  on 
t r a j e c t o r y  x(t) at that  t i m e  ~- at which  that p a r t i c l e  f inds  
i t s e l f  in s ec t i on  y, i . e . ,  when-x(7) = y. We can now 
w r i t e  the e x p r e s s i o n  f o r  c*(x). S ince  the ch lo r ine  c o n -  
tent  in a p a r t i c l e  on t r a j e c t o r y  x(t) up to t ime  t i s m ( [ x ] ,  
t ) ,  then  ml([x] ,  t) and m2([x], t ) a r e ,  r e s p e c t i v e l y ,  the 
con ten t s  of f r e e  and bound ch lo r ide  in the p a r t i c l e  m o v -  
ing on t r a j e c t o r y  x(t) up to ins tan t  of t i m e  t and a r e  
g iven  by 

1 

rnl = 4~ ~ cl (r, t)r2dr, 
0 

I t 

= 4~ k .~ .[~ cl (r, t) r'dr tr~ 
0 0 

and m = m 1 + m 2 . Subs t i tu t ing  f o r  c l ( r ,  t) the c o r r e -  
sponding  e x p r e s s i o n  (6), a f t e r  lengthy ca l cu l a t i ons  we 

obta in  

c* (x) = 1 + 8a Q ~ (t) q~n ( - -  T) c* ix(T)] d ~+  
n = l  

0 0 

~ (t) = exp ( - -  A,t) , 

which is  an i n t eg ra l  V o l t e r r a  equat ion .  Its so lu t ion  
m a y  be obta ined  by the me thod  of s u c c e s s i v e  a p p r o x i -  
m a t i o n s ,  wi th  c*(x) e x p r e s s e d  in t e r m s  of c~ [3]. 

We have  thus ob ta ined  the e x p r e s s i o n  f o r  c*(x),  and 
can now p r o c e e d  wi th  the ca l cu l a t i on  of m2([x], T) f o r  
o u r  case .  We c i t e  c e r t a i n  of the e s t i m a t e s  used  in the 
s u m m a t i o n  of s e r i e s  expans ions  a p p e a r i n g  in v a r i o u s  
f o r m u l a s .  L e t  us  e s t i m a t e  the n u m b e r  of t e r m s  of 
expans ion  (2) r e q u i r e d  f o r  c a l c u l a t i n g  F(T,  x0, t , x )  
wi th  a spec i f i ed  a c c u r a c y .  

L e t  R N be  the abso lu te  va lue  of the r e m a i n d e r  of 
e x p a n s i o n  (2). S ince  (2n - 1) �9 7r/2 < #n < 7rn, 

2 ~  2 ' 

~3 + Ix~ > Ix~, ]sin Ix n x l ..< 1. 

Hence 

~2 exp (--: ~ c) (k -}- ~n) 
R N  < 2 ' 

Vn 
n = N  

w h e r e  c = D(t - T). 
The n u m b e r  R of t e r m s  of the expans ion  r e q u i r e d  

f o r  a spec i f i ed  a c c u r a c y  of the ca l cu l a t i on  of F(~-,x 0' 
t, x) can be  d e t e r m i n e d  f r o m  the condi t ion  R N < e .  

We used  the fo l lowing  method  f o r  c a l cu l a t i ng  F(~-, 
x0, t, x). Func t ion  F (z, x 0, t, x) is  a m o n o t o n i c a l l y  i n -  
c r e a s i n g  one,  whose  d e r i v a t i v e  has  fo r  s m a l l  (t - z) 
the fo l lowing  s i n g u l a r i t i e s :  in the ne ighborhood  of point  
x 0 we find F '  >> 1, whi le  at s o m e  d i s t a n e e  f r o m  that  
po in t  F '  << 1. B e c a u s e  of th is  F ( - r , x 0 , t , x  ) was c a l c u -  
la ted  only in the ne ighborhoo  d of point  x 0 . Away f r o m  
poin t  x 0 F (T, x0, t, x) was  a s s u m e d  to be  equa l  to i ts  
v a l u e  at point  x at which  ca l cu l a t i ons  w e r e  s t i l l  p o s s i b l e .  

The m e a n  t r a j e c t o r y  was ca l cu l a t ed  as the a r i t h -  
m e t i c  m e a n  of a su f f i c i en t  n u m b e r  of computed  t r a -  
j e c t o r i e s .  E s t i m a t e s  of o the r  expans ions  w e r e  d e r i v e d  
in a m a n n e r  s i m i l a r  to that  used f o r  expans ion  (2). 

NOTATION 

c(x) is the c o n c e n t r a t i o n  of p a r t i c l e s  in a unit  of the 
appa ra tu s  v o l u m e  in sec t ion  x; t i s  the t ime;  H is  the 
height  of the appa ra tus ;  r is the c o o r d i n a t e  a long  the 
r a d i u s  of a p a r t i c l e ;  c l ( r ,  t) is  the c o n c e n t r a t i o n  of f r e e  
c h l o r i n e  in a p a r t i c l e ;  c*(x) is  the c h l o r i n e  c o n c e n t r a -  
t ion in the appa ra tus ;  ml([x],  t) is  the total  m a s s  of 
f r e e  c h l o r i n e  in a p a r t i c l e ;  m2([x], t)  is  the total  m a s s  
of bound ch lo r ine  in a p a r t i c l e ;  w 0 is  the  l i n e a r  v e l o c i t y  
of a p a r t i c l e ;  q is  the m a s s  f low r a t e  of p a r t i c l e s  th rough 
a uni t  s e c t i o n  of the appara tus ;  D o is  the c o e f f i c i e n t  of 
p a r t i c l e  i n t e r m i x i n g ;  w 1 is the  gas  l i n e a r  ve loc i ty ;  D 
is the  coe f f i c i en t  of gas  d i f fus ion in a p a r t i c l e ;  m 0 is 
the amount  of c h l o r i n e  to be  a b s o r b e d  by one  p a r t i c l e ;  
T is  the s p e c i f i c  weight  of the p o l y m e r ;  k 0 is  the c o n -  
s tant  of the c h e m i c a l  r e a c t i o n  r a t e ;  c~ is the  c o n c e n t r a -  
t ion of c h l o r i n e  in the gas  at the appa ra tu s  out le t .  
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